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Abstract
We construct a phenomenological theory of gravitation based on a second order gauge formulation
for the Lorentz group. The model presents a long-range modification for the gravitational field
leading to a cosmological model provided with an accelerated expansion at recent times. We
estimate the model parameters using observational data and verify that our estimative for the
age of the Universe is of the same magnitude than the one predicted by the standard model.
The transition from the decelerated expansion regime to the accelerated one occurs recently (at
∼ 9.3 Gyr).
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I. INTRODUCTION
One of the most challenging problems of Physics nowadays is to explain the origin and
evolution of the present accelerated expansion of the universe. One way of obtaining a
mechanism of acceleration is to modify one of the cornerstones of modern physics, the
theory of General Relativity.
Modifications in the scheme of General Relativity are being proposed since its invention, in
the beginning of the 20th century, and they are motivated by several reasons, from the quest
for agreement with the theory for the inner structure of quantized matter, to the eventual
need for extra-dimensions and the desire to obtain unification of the interactions. The first
modification of General Relativity was proposed by Einstein through the introduction of
the cosmological constant, which is one of the several alternatives to describe the present-
day acceleration of the universe. Other proposals associated with renormalizability are
the quadratic Lagrangians in the Riemann tensor [1] and the Horava-Lifshitz model [2]; in
the context of Cosmology possible modifications involve the f (R) Lagrangians [3–5], the
introduction of one (or more) spatial extra-dimension in the braneworld scenario [6], or the
presence of a self-interacting scalar field, the quintessence models [7].
Another class of modified gravity theories consists of the inclusion of non-local terms in
the gravitational Lagrangians. Non-local terms arise naturally, for instance, if one considers
the inverse d ’Alembertian operator [8]. This have inspired non-local modifications in f (R)
gravity which apply inverse differential operators to the Ricci scalar [9] or to the Gauss-
Bonnet invariant [10]. Non-local theories can generate late time acceleration in the universe
or even flat rotation curves in galaxies [11].
Here, we shall explore some of the cosmological consequences of a phenomenological the-
ory of gravitation based on a Lagrangian analyzed in [12]; we will show that this theory
permits a recent accelerated phase for the universe without the introduction of Λ, exotic
matter, extra-dimensions or scalar fields. It was constructed on the basis of a gauge formu-
lation for the gravitational field, through the second order gauge theory [13]. In the gauge
approach to gravity the simplest choice for the local gauge symmetry is the Lorentz group. If
one considers the second order extension of the Lorentz gauge theory, the gravitational field
Lagrangian must depend on the second derivative of the spin connection. Therefore, in the
geometrical framework, the second order extension of the Einstein gravity should consider
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the gradient of the scalar curvature rather then a quadratic term in the curvature. The
second order gauge theory was shown to be efficient in the description of effective limits of
other gauge theories, such as Podolsky electrodynamics and the SU(N) non-abelian model.
From the gauge theoretical point of view, the Einstein-Hilbert action, the quadratic
Lagrangians in the Riemann tensor and the f (R) Lagrangians are all of first order, as
discussed in [12], where it was performed a classification of all possible quadratic Lagrangians
of first and second order in the gauge gravitational field. Among these possibilities, we chose
a particularly simple one, which is inspired by the Podolsky’s abelian case and by the effective
Alekseev-Arbuzov-Baikov’s non-abelian model [14]. In fact, we have added a term scaling
with the square of the covariant derivative of the scalar curvature ∇R to the familiar R
of the Einstein-Hilbert Lagrangian. Our main intention was to analyze the consequences
of this option in the cosmological context and how the higher order derivative terms could
reproduce the present-day cosmic acceleration of the scale factor.
We will adopt the following action for the description of the gravitational field:
S =
∫
d4x
√−g
(
R
2χ
+
β
χ
LP − LM
)
, (1)
LP = 1
8
∇µR∇µR , (2)
and derive the field equations using the classical Schwinger-Weiss variational principle. The
Schwinger action principle was introduced in the context of Quantum Field Theory [15] and
recently has been used to study classical and quantum fields in spacetimes with curvature
and torsion [16] or even to investigate the gauge fixing in quantized electromagnetic field
[17].
It is worth to emphasize that the choice (2) constitutes a phenomenological model valid
within a limited interval of energy (set by the values of the coupling constant β); it does
not hold during all the cosmological history (as we shall see) but only for a certain period.
The same phenomenological Lagrangian was used by Gottlo¨ber et al. in another context
[18], where the authors claimed that the consideration of this higher order term “could
be thought of as an attempt to make a further step in understanding the features of (...)
non-local interaction”.
The paper is organized as follows. In section II the field equations are written for a
Friedmann-Lemaˆıtre-Robertson-Walker metric. Section III is devoted to obtain a perturba-
tive solution of the field equations about the usual dust-matter model of the Einstein-Hilbert
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theory (as described by the Friedmann equations). The perturbative solution is constructed
in such a way that the universe is dominated by a decelerated regime until the time t∗ when
the additional term β
χ
LP begins to be relevant. In section IV the parameters of the model
are related to the observational data through a set of coupled nonlinear equations. Such
equations are solved by numerical methods in section V, and the results are discussed in
section VI.
II. FRIEDMANN EQUATIONS
The invariance of the action (1) with respect to δgλν yields the field equations:
Rλν − 1
2
gλνR + β
2Hλν = χTλν , (3)
Hλν = ∇λ∇ν [R] + 1
2
∇λR∇νR−RλνR− gλν [R]− 1
4
gλν∇ρR∇ρR .
where  ≡ ∇µ∇µ and ∇µ is the covariant derivative.
Applying the field equations (3) to a homogeneous and isotropic space, described by the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric,
ds2 = dt2 − a2 (t)
(
1
1− κr2dr
2 + r2dΩ2
)
(κ = −1, 0,+1) one finds, after some direct but long calculations,
−3
(
H˙ +H2
)
− 1
2
R + β
[
−3H...R + 3H˙R¨− 6H2R¨ + 9H3R˙ + 1
4
R˙2
]
= χT00 ,
a2
(1− κr2)
[
H˙ + 3H2 +
1
2
R + 2
κ
a2
+ β
(....
R + 5H
...
R + 3H
2R¨ + 5H˙R¨+
+3HH˙R˙− 9H3R˙ + 3H¨R˙ + 1
4
R˙2 − 2 κ
a2
(
R¨ + 3HR˙
))]
= χT11 . (4)
where H (t) = a˙/a is the Hubble function, R (t) = gµνRµν is the scalar curvature and we
are using units such that χ = 8piG. In our notation, dot means derivation with respect to
the cosmic time t. These are the higher order Friedmann equations in terms of the Hubble
function H (t) and the scalar curvature R (t).
Following the standard procedure we use the energy-momentum tensor of a perfect fluid
in a commoving coordinate system,
Tµν = (ρ+ p) δ
0
µδ
0
ν − pgµν .
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In order to simplify the treatment, we will be concerned only with the case of a flat
spatial section, κ = 0. So, using the relationship between the scalar curvature and the
Hubble function,
R = −6
(
H˙ + 2H2
)
,
we get the following modified Friedmann equations:
3H2 + β
(
18H
....
H + 108H
2
...
H − 18H˙ ...H + 9H¨2 + 90H3H¨+
+216HH˙H¨ − 72H˙3 + 288
(
HH˙
)2
− 216H4H˙
)
= χρ ,
2H˙ + 3H2 + β
(
6H(5) + 54H
....
H + 138H
2
...
H + 126H˙
...
H+
+81H¨2 + 18H3H¨ + 498HH˙H¨ + 120H˙3 − 216H4H˙
)
= −χp .
Combining the equations, one finds:
2H˙ + β
(
6H(5) + 36H
....
H + 30H
2
...
H + 144H˙
...
H + 72H¨
2+ (5)
−72H3H¨ + 282HH˙H¨ + 192H˙3 − 288
(
HH˙
)2)
= −χ (p+ ρ) .
Once we want to describe the evolution of the universe, this equation must be comple-
mented with the covariant conservation of energy-momentum,
ρ˙+ 3H (ρ+ p) = 0 ,
and an equation of state f relating the energy density ρ, the pressure p and the Hubble
function H,
f (ρ, p,H) = 0 .
The dependence on H is included to account for the general case when one admits interaction
among the constituents of the cosmic fluid [19]. In this case, there is a possible constraint
relating p, ρ and the scale factor, or equivalently H. On the other hand, the usual equations
of state of physical cosmology associate only pressure p to the energy density ρ, or pressure
to the numerical density n. For example, the equation of state for the dust matter is
p = nkT  ρ (k is the Boltzmann constant and T the temperature), and p = ρ/3 is the one
used for ultra-relativistic particles.
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III. SOLUTIONS OF THE HIGHER ORDER FRIEDMANN EQUATIONS
A. Dust Matter
Our main interest here is to apply the model to the present state of the universe. There-
fore, we take as source a perfect fluid composed by dust matter p = 0 (ordinary or dark).
In this case, the continuity equation gives:
ρ (t) = ρ0
(
a0
a (t)
)3
.
In order to use such result directly, we would have to rewrite equation (5) in terms of
the scale factor, obtaining a nonlinear and much more complicate equation, which we shall
avoid. Instead, we consider simultaneously the following pair of coupled equations:
H˙ + β
(
3H(5) + 18H
....
H + 15H
2
...
H + 72H˙
...
H + 36H¨
2+
−36H3H¨ + 141HH˙H¨ + 96H˙3 − 144
(
HH˙
)2)
= −χ
2
ρ , (6)
ρ˙+ 3Hρ = 0 .
These equations can be analyzed by several methods, such as the linearization of dynam-
ical systems, spectral analysis or perturbation theory. Here we will consider only this last
procedure, leaving the other options for future investigations.
B. Perturbation Theory
The model is constructed by assuming a standard Friedmann expansion prior to some
time t∗ from which the second order effects start to become significant. The strategy is
to consider a perturbation series in the coupling parameter β, in order to guarantee the
accordance of our model with the usual cosmological model (in some region of the space of
parameters). Take, for instance, an expansion up to second order terms; it reads:
H (t) = HF + βH1 + β
2H2 ,
ρ (t) = ρF + βρ1 + β
2ρ2 , (7)
where the label F stands for the standard Friedmann solution of the Einstein equations.
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Substituting expansions (7) in the pair (6) and matching the terms order by order, we
get:
O (β0)→
 H˙F + χ2ρF = 0ρ˙F + 3HFρF = 0 , (8)
and,
O (β1)→
 H˙1 + χ2ρ1 = S1 (t)ρ˙1 + 3HFρ1 + 3H1ρF = 0 , (9)
where
S1 (t) ≡ −
(
3H
(5)
F + 18HF
....
H F + 15H
2
F
...
HF + 72H˙F
...
HF + 36H¨
2
F (10)
−36H3F H¨F + 141HF H˙F H¨F + 96H˙3F − 144H2F H˙2F
)
;
and also,
O (β2)→
 H˙2 + χ2ρ2 = S2 (t)ρ˙2 + 3HFρ2 + 3H2ρF = −3H1ρ1 , (11)
with,
S2 (t) ≡ −
[
3H
(5)
1 + 18 (H1
....
H F +HF
....
H 1) + 30HFH1
...
HF+
+72
(
H˙F
...
H1 + H˙1
...
HF + H¨F H¨1
)
− 108H1H2F H¨F − 36H3F H¨1
]
+ (12)
−
[
141
(
H1H˙F H¨F +HF H˙F H¨1 +HF H˙1H¨F
)
+ 288
(
H˙1H˙
2
F −H2F H˙F H˙1 −HFH1H˙2F
)]
.
This way, we obtained a pair of coupled linear equations in each order. Their previous
orders give the source term and the coefficients.
1. Zeroth order solution: the standard cosmological model
The solution for the system of zeroth order in the coupling parameter β, Eq. (8),
H˙F +
χ
2
ρF = 0 , (13)
ρ˙F + 3HFρF = 0 , (14)
can be obtained by direct integration. Solving this coupled system, we have:
HF =
2
3
1
t
, (15)
ρF =
3
χ
H2F ,
with an appropriate initial condition.
7
2. First order solution
In the first order approximation, we have the coupled set (9),
H˙1 +
χ
2
ρ1 = S1 (t) ,
ρ˙1 + 3HFρ1 + 3H1ρF = 0 ,
These equations can be solved by the Increasing Order Method. Differentiating the first of
these equations and using the second one, we obtain
H¨1 + 3HF H˙1 − 3χ
2
ρFH1 = S˜1 (t)
S˜1 (t) = S˙1 (t) + 3HFS1 (t)
The general solution of such equation can be obtained in the form of a power law:
H1 (t) = at+ bt
−2 +
4912
243
t−5
ρ1 (t) =
2
χ
(
−15 977
243
t−6 − a+ 2bt−3
)
The integration constants a and b should be chosen in accordance to the physical situation
to be described. Since the zeroth order terms appear as source terms in the first order
approximation, one can choose the initial conditions H1 (t
∗) = ρ1 (t∗) = 0. This determines
the integration constants leaving the theory with only three free parameters, namely the
coupling constant β, the age of the universe t0 (see below) and the instant of perturbation
t∗.
Therefore, in the first order approximation we find the following solution to equations
(6):
H (t) =
2
3
1
t
+
β
(t∗)4
(
11 065
729
(
t∗
t
)
t−1 +
4912
243
(
t∗
t
)4
t−1 − 35 408
729
t
t∗
(t∗)−1
)
8piGρ (t) =
4
3
1
t2
+ 2
β
(t∗)4
(
22 130
729
(
t∗
t
)
t−2 − 15 977
243
(
t∗
t
)4
t−2 +
35 408
729
(t∗)−2
)
. (16)
IV. OBSERVATIONAL PARAMETERS
Now, let us focus on the problem of estimating the magnitude of the parameters of our
theoretical model using the observational data available.
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The redshift z and the luminosity distance dL are dependent on the null geodesic equation
only, and this is not changed by the second order field equations (3). Therefore, they con-
stitute the ideal data set to be compared with the predictions of our model. The luminosity
distance can be directly related to the redshift [20],
dL ≈ 1
H0
(
z +
1
2
(1− q0) z2
)
.
q0 is the deceleration parameter.
The supernovae projects usually measure the curve of dL (z) determining the parameter q0
with good accuracy. In order to do it, supernovae projects maximize the likehood function
adjusting the model parameters. Instead of following this approach, we shall obtain an
initial estimation for our free parameters by searching for values which are as independent
of model as possible.
In our model we have three parameters to be found:
1. The age of the universe t0;
2. The instant t∗ from which the perturbation coming from the modified gravitational
equation becomes important;
3. The coupling constant β for the higher derivative terms in the action.
We need three independent measurements to find these parameters. We will use H0, q0
and Ωm0 obtained from the literature.
In the following section, we shall carefully discuss how to use H0, q0 and Ωm to obtain
t0, t
∗ and β. But, before that, we will add to system (16) the constraint
H˙ (t0) = −H20 (q0 + 1) (17)
following from the definition of both the Hubble and the deceleration functions in terms of
the scale factor: H = a˙/a, q = −a¨a/a˙2. Gathering (16) and (17), we get the new system to
be solved:
H (t0) =
2
3
1
t0
+
β
(t∗)4
(
−35 408
729
t0
t∗
(t∗)−1 +
11 065
729
(
t0
t∗
)−1
t−10 +
4912
243
(
t0
t∗
)−4
t−10
)
H˙ (t0) = −2
3
1
t20
+
β
(t∗)4
(
−35 408
729
(t∗)−2 − 22 130
729
(
t0
t∗
)−1
t−20 −
24 560
243
(
t0
t∗
)−4
t−20
)
8piGρ (t0) =
4
3
1
t20
+ 2
β
(t∗)4
(
−15 977
243
(
t0
t∗
)−4
t−20 +
35 408
729
(t∗)−2 +
22130
729
(
t0
t∗
)−1
t−20
)
9
The first member of each equation of the system above is given in terms of observational
constants, while the right hand side of each equality bears the parameters of the perturbed
model. These will be calculated by solving numerically the above transcendental equations.
We deal with this task now.
V. NUMERICAL CALCULATIONS
In order to solve numerically the system of coupled transcendental equations, let us
perform some simple manipulations. First, we define new non-dimensional variables,
u ≡ t
∗
t0
, b ≡ β
t∗4
; (18)
in terms of which the system is rewritten as
H0 =
2
3
1
t0
(
1 + b
(
−17 704
243
1
u2
+
11 065
486
u+
2456
81
u4
))
; (19)
H20 (q0 + 1) =
2
3
1
t20
(
1 + b
(
17 704
243
1
u2
+
11 065
243
u+
12 280
81
u4
))
; (20)
3H20Ωm0 =
4
3
1
t20
(
1 + b
(
−15 977
162
u4 +
17 704
243
1
u2
+
11 065
243
u
))
, (21)
where
Ωm0 ≡ 8piG
3H20
ρ0 .
Taking the ratio of the two last equations of the system above, one gets:
b (u) =
2 (q0 + 1)− 3Ωm0
s (u)
, (22)
s (u) ≡ (3Ωm0 − 2 (q0 + 1))
(
17 704
243
1
u2
+
11 065
243
u+
36 840
243
u4
)
+
40 537
81
(q0 + 1)u
4 .
We must have β < 0 in order to assure the stability of the theory [12, 18]. This establishes
a constraint on the sign of b. Substituting b (u) in the equation for H0:
1
t0 (u)
=
3
2
H0(
1 + b (u)
(−17 704
243
1
u2
+ 11 065
486
u+ 2456
81
u4
)) . (23)
Combining (19) and (20) we get
H20 (2 (q0 + 1)− 3Ωm0) =
4
3
b (u)
t20 (u)
(
12 280
81
+
15 977
162
)
u4 ,
which is a nonlinear equation for the parameter u. This equation can be solved using the
Newton-Raphson method. The result is then used in (22) to obtain the numerical value
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of b and both b and u are inserted in (23) to get the age of the universe t0. The time of
perturbation t∗ can then be obtained as a simple ratio. Proceeding this way, we are able to
find all the parameters of the model given the measurements of H0, q0 and Ωm0 (or ρ0).
The Hubble constant is measured with great accuracy by the Hubble Space Telescope
Key Project [21]. The deceleration parameter is taken from Rapetti et al. [22] who used
a kinematical approach to cosmological expansion. The matter density Ωm0 was evaluated
following the same procedure as [23] but retaining just the three galaxy clusters with red-
shift below 0.1 since this minimizes the dependence of the estimation of Ωm0 on different
cosmological models.
With this assumptions and using the experimental values
H0 = 0.074 (Gyr)
−1 , q0 = −0.81, Ωm0 = 0.276 ,
we find:
u ≈ 0.75, b ≈ −0.0036, t∗ ≈ 9.3 Gyr ,
which can be used to estimate the parameter β and the age of the universe,
β ≈ −26 (Gyr)4 , (24)
t0 ≈ 12.4 Gyr . (25)
By varying q0 in 20% we obtain numerically a variation less than 2% for t0 and less than
20% for t∗ what shows that the model is aproximatelly robust.
In spite of its apparently high value, β does not break the meaning of the modified action
as proposed in (1). This is so because the first order perturbation is such that the term βH1
scales as β/t∗4 and therefore is small when compared to the usual Friedmann term HF . Of
course, the contribution of the additional term grows for values of t progressively greater
than t∗. But we do not hope that the perturbative approach holds for arbitrary large values
of t. The convergence of the perturbative expansion can be qualitatively studied plotting
the ratio of the perturbation term by the usual FLRW solution, as given in Fig. 1.
As long as the curves lie within the interval [−1, 1] the perturbative scheme can be
assumed as valid. Notice that the Hubble function fits the perturbative scheme for a longer
time compared to the behavior of the energy density.
The value of t0 provided by the WMAP3 data [24] – which assumes the ΛCDM model
as the supernovae approach does – is calculated as 13.7+0.1−0.2 Gyr (for a flat Universe). The
11
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FIG. 1: Ratios of the first term in the perturbative solutions by the ordinary dust-matter solution as
functions of the time. The full line shows the evolution of the the ratio of the first-order perturbed
Hubble function divided by the non-perturbed one; the dashed line presents the behavior of the
perturbation on the energy density divided by its non-perturbed values.
result given by our model is roughly close with the one predicted by the ΛCDM model.
This apparent tension between both results does not impair the model proposed here since
we are just looking for a preliminar estimation of our free parameters. Besides, globular
clusters data gives 11.2 Gyr, at 95% of confidence level, as inferior limit for the age of the
universe [25].
Using the solution (16), one easily finds the ratio of scale factor at two arbitrary times ti
and tf as
ln
af
ai
= ln
(
tf
ti
) 2
3
− β
(t∗)4
(
17 704
729
(
tf
t∗
)2
+
11 065
729
(
tf
t∗
)−1
+
1228
243
(
tf
t∗
)−4)
+
+
β
(t∗)4
(
17 704
729
(
ti
t∗
)2
+
11 065
729
(
ti
t∗
)−1
+
1228
243
(
ti
t∗
)−4)
,
which exhibits a very smooth transition from the Friedmann standard regime to the accel-
erated one.
The same quantity can be used to estimate the red-shift at the transition,
1 + z∗ =
a0
a (t∗)
,
12
as
1+z∗ =
(
t0
t∗
) 2
3
×exp
(
− β
(t∗)4
(
17 704
729
(
t0
t∗
)2
+
11 065
729
(
t0
t∗
)−1
+
1228
243
(
t0
t∗
)−4
− 32 453
729
))
.
With the values of β, t∗ and t0, one calculates z∗ ≈ 0.27 .
VI. CONCLUSIONS
We have constructed a model based on a phenomenological theory of gravitation obtained
from the inclusion of a Podolsky-like term scaling with the square of the covariant deriva-
tive of the Ricci scalar. This model implies long-range modifications in gravitation, which
leads to an accelerated regime for the present-day universe, even in the absence of a dark
energy component or cosmological constant. According to our perturbative evaluation, this
accelerated expansion started recently as indicated by the values of t∗ or, equivalently, z∗.
The estimations given by the model for the age of the universe and the redshift of transi-
tion are close to the supernovae data [26] or the analysis of the cosmic microwave background
based on the ΛCDM model [27]. Other modified gravity theories – e.g., the f (R) theo-
ries [3] – can generate accelerated phases for the expansion of the universe. In this paper,
we obtained the same qualitative results by adding a term proportional to (∇R)2 to the
Einstein-Hilbert Lagrangian. Our future perspectives include to obtain more accurate val-
ues for the parameters using the likelihood function fitted by supernovae data. We also
intend to study a perturbative solution for a closed (κ = 1) universe, keeping in mind the
exact solution found in the ordinary FLRW case [28].
The same phenomenological Lagrangian presented here was applied to describe inflation
in Ref. [18], but we emphasize the high order of magnitude of the energies involved there,
which would correspond to the early stages of evolution of the Universe. On the other hand,
the model presented here engenders sensible dynamical effects at recent cosmic times, where
the energy scale is very low.
The fact that the gravitational field is weaker at long distances with a characteristic scale
given by the coupling constant β suggests the existence of massive modes in the weak field
approximation, but in a way that does not break the coordinate invariance, analogously to
what happens in the Podolsky electrodynamics [13]. The eventual existence of such massive
modes are under investigation, and the results should be compared to other approaches in
13
the same direction [29].
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